HUMBOLDT

FTUNG POLITECNICO
MILANO 1863

Andrea Signori, AIMS Conference, Wilmington, 02/06/23
\ Alexander von
-~
yi



=
BREAKTHROUGH
PRIZE==

2023 BREAKTHROUGH PRIZE
IN LIFE SCIENCES __

Breakthrough “For discovering a fundamental mechanism of cellular
- organization mediated by phase separation of
proteins and RNA into membraneless liquid droplets.”




Publications

Library

On a Phase Field Model for RNA-Protein Dynamics

Authors: Maurizio Grasselli © ', Luca Scarpa &4, and Andrea Signori AUTHORS INFO & AFFILIATIONS

https://doi.org/10.1137/22M1483086

R i

“UOMHONITES™
i,

SIAM Journal on Mathematical Analysis > Vol. 55, Iss. 1 (2023) » 10.1137/22M1483086
W:MANAGEMEN
ORPORATION

SUGCESS [:l]l_ AB[]“RWAT“]N  COLABORKTIVE



Modeling background

Two species of competing for a pool of shared The ©; complex,

i =1,2, is formed when the RNA Ry interacts with a free protein P. Both protein—-RNA

complexes are capable of driving ‘phase separation ‘and forming distinct droplets.
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® Protein: P;

® RNA-species: Ry and Ry;

® Protein-RNA complexes:
Ri+ P~ 1, R+ P~ .

e K. Gasior, M.G. Forest, A.S. Gladfelter and J.M. Newby. Modeling the mechanisms by which coexisting biomolecular RNA-Protein

condensates form. Bull. Math. Biol. 82:153, 2020.

e K. Gasior, J. Zhao, G. McLaughlin, M.G. Forest, A.S. Gladfelter and J. Newby. Partial demixing of RNA-protein complexes leads to
intradroplet patterning in phase-separated biological condensates. Phys. Rev. E 99:012411, 2019.
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RNA-Protein model

Let Q  R3, bdd and smooth domain, and T > 0. We set
¢ = (p1,92), = (p1,p2), R:=(R1,Re).

Then, the |[RNA-Protein |system we are going to analyse reads as

Orp — Ap =Sy, (, P,R) in Q:=Qx(0,T),
p=—Dp+Vy,(p) in Q,

0tP — AP = Sp(p, P,R) in Q,

0:tR — AR = Sgr(¢, P,R) in Q,

Ohp =0 u=0,R=0, 9,P=0 on X :=00Qx(0,T),

©(0)=0,| R(0)= ()1, PO)=Py€(0,1) inQ,

being 0 = (0,0) and 1 = (1,1), ¥, := VV.




Working Framework

The order parameter ¢ = (1, ¢2) lives in the 2D simplex:

Do = {p = (01,02) €R? :min{p1, 02} > 0,01 + o < 1}, A, := A,

and the multi-well potential W is of Flory-Huggins type. Namely, W = w(1) 4 y(2),
where the entropy part V(1) is

w)(p) = Srapilngi+(1—p1—@a)In(l—p1—@a)  if1>0, 92 >0, o1+ @2<1,
+o00 otherwise,

whereas the demixing term W(2) is such that

v e c3(R?), v = \Ug) : R? — R? is Lip. continuous.
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RNA-Protein model (P)

Orp — Ap =Sy, in Q,
p=-Ap +W5) () +W 2 () in Q.
grad. of the singular and convex part  grad. of the quadratic perturbation
9P — AP = Sp in Q,
R — AR = Sg in Q,
Ohp=0u=0,R=0, 0,P=0 on X,
©(0)=0,| R(0)= (}5P)1, P(0)= Py € (0,1) in Q,

with source terms defined by

S¢ = —SR = (C1PR1 — Y1, C3PR2 — C4g02),
Sp = —ca PRy + cxp1 — c3PRy + capo.

min{cl, C3} >0+ {

Biological fact
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Existence of global weak solutions

Suppose that

1-P
o =0, Poel?, Ro=(RLR?) = ( 0)1,

1(17 Co+ ¢y )
2 min{C17C3} ’

IN N

0< Py(x) <1 foraa. xecQ, HPO - 5”L°°(Q)

Then, there exists (o, 1, P, R) such that

¢ € HY(0,
(e lr(0, TH)N 20, T:HY) Vpe(1,2) Yoe(0,T),
P e HY0, T;(H")*) N L2(0, T; H*) N L(Q),
R e HY(0, T; (HY)") N L2(0, T; HY) N L=(Q),
3c.>0: o <P(x,)<1, ¢ <R(xt)<1 foraa (x,t)€Q, i=12]

Vu e L%(0, T;L?),

T, (HH)N L2, T;HY N L2(0, T;H?), ¢el®(Q): @el, ae inQ,
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The Cahn-Hilliard—Oono equation

This extends the state of art concerning the Cahn-Hilliard-Oono equation!

Orp — Ap = S(p) == m(h— ) in Q, m>0, he(-1,1),

p=—0p+ F.(y) in Q,
Onp = Ot =0 on X,
©(0) = po = -1 in Q.

Roughly speaking, for Ty “small":

pe 20, T; HY) Vs p€ N L%(o, T; HY) N LP(0, To; HY) .
N———

Previously: (¢o)a € (—1,1) o€(0,7), pe(1,2)

Our setting: (yo)o = (—1)o = —-1¢ (—1,1)

First energy estimate: first eq. by p = ‘ fQ S(p)p ~ fn [Vpldx + |ual- ‘

(v0)a € (—1,1) + MZ inequality = Fl’og(ga) € L2(0, T; LY) CompaiEy pq € L2(0,T) (PeleErE € 120, T; HY)

e A. Miranville and R. Temam: 2016. e A. Miranville: 2011, 2013, 2017. e A. Giorgini, M. Grasselli, and A. Miranville: 2017.
e J. He: 2021. e P. Colli, G. Gilardi, E. Rocca, and J. Sprekels: 2022.



The Flory—Huggins potential
Property (1) (Miranville=Zelik, Kenmochi...)

For every compact subset K C A, there exist constants cy, Cy > 0 such that, for every

¢ e A, it holds that

cw fo VS ()] < [L W0 (8) - (& — ) + Cu.

Property (x) (Grasselli-Scarpa-S. '22)

There exist constants cy, Cy >0, R € (0,1/2), g € (2,+00), and a decreasing positive
function F € L9(0, R) N C°(0, R) such that, for every measurable ¢ = (¢, %) : Q — A,
satisfying

0 < min{gg, ¢4} < ¢4 + 054 < R,

it holds that

cu min{oh, 63} Jo WD) < Jo W(9) - (6 — ba) + Cu(9h + 63) (1 + F(min{oh, ¢3})).




Schematics of the Proof

® )\-Approximation: smoothing of W and truncation of S, Sr, and Sp;

@® Preliminary estimate on ¢,: parabolic-type estimate for t ~ 0;
© Dual estimate: L-control of \Ilg\l) and of the convex conjugate (lllg\l))*;

O Energy estimate: control of V, € L%(0, T;L?);

@ Mean value property for ¢,; mean value behaviour as t ~ 0;
@ Estimate of p,: understand the behaviour as t ~ 0;

@ Passing to the limit A — 0.




Step |: Approximation

Idea: W@ \Il(;) Lip., Sy ~ Si; € L>®,Sg ~» Sg € L=, and Sp ~~ Sp € L.

Forany A€ (0,1), WY :R2 =R, Jy:= (ke +A0D)

Yosida reg. Resolvent operator

and suitable truncations S}, S7, and S for the source terms. Then, (P)y can be solved and
@y € HY(O, T; (HH*) N L>=(0, T; HY) N L2(0, T; H3), pu, € L?(0, T; HY),
Py € HY(0, T; (H)*) N L?(0, T; HY), Ry € H*0, T; (HY)*) N L3(0, T; HY).

Lemma (Approximated max-min principle)

There exists a threshold c, > 0 independent of \ such that

. <PA()<1, <R (<1 aeinQ =12 Vtelo,T]|

Remark: the threshold is explicit as 0 < ¢, < (¢ + c)(8min{c1,c3}) L.
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Step Il: Preliminary estimate on ¢,

We test the first equation by ¢, and the second by —Agp,:

1
2o+ [ a0 (Cagn = [ St [ W) (-agy),

t Qt

>0 by convexity Young ineq.

The Gronwall lemma (+ elliptic regularity) yields

||‘P>\HLOC(O,T;Lz)ﬂLz(O,T;Hﬁ) =

Plugging this estimate into the above lines, produces

leallim 0,602z (0,6m2) < CE/2 YEE[0, T].

lterating: Vo €[0,1), 3Ca>0: [loallioriz)nizionz) < Cat®  VEE[O, T].
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Step Ill: Dual estimate
J5 (1) X b +(2) ¥ o5

Consider

*th ‘P,\ +er(‘U(1 ) (‘V(;L,QPA))

prev.

(ex) - e,

t t

// Ilezder/ |V‘PA|2+/ ‘V(Alzp(wx)-w://sé-md%/ v

Y 5:=Q2x[0,5] Q¢ ’ 0 JQs Qt
—_—

est.

(1

where (W()\I))* stands for the convex conjugate of WY ). After some computations, we obtain

t
L] vmias+ [ veap+ [ v+ [ o) el )
0 JQs Q: Q: Q:

t
SC/O/QI(W&”)*(W&IL ©:))|ds + C.

Then Gronwall’s lemma yields that

+ [ W e

Hw&l)(m) -

L+(Q)

Furthermore, Yosida + convex analysis produce

)\1/2 Hw)‘aﬂo(kpA)HLZ(o_’T;LZ) S C.
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Step IV: Energy estimate
Consider ‘ (1) x py + (2) X Opipy: ‘

2 LIves@F ¢ [ vaen+ [ 1mP = [ v - [ v+ [ s

<c

After some computations, we obtain

1
leall oo o, 72) + HW& )(LP)\)H - IVesllz0, 712y < C-

Le=(0,T;L1

Next, comparison in the first eq. yield

||‘10)\||H1(0,T;(H1)*) <C

Finally, by the properties of the Yosida regularisation, we derive that

)‘1/2 ”W)\,Lp(‘»o)\)”po(oj;u) <€
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Step V: Mean value property

Goal: passing from “Vu € L2(0, T;L2)" to “u € LP(0, T; HL)" Vp € (1,2).

comparison
—

MvP) + (x) = W) () € LP(0, T;LY)

pg € LP(0, T) "2 4y ¢ LP(0, T HY)

Lemma (Mean value properties (MVP))
Set ag := (Po)a € (0,1). Then

(ea1(t))a + (er2(t)a < min{ag — 6,1 —ag —2¢,} <1 Vte[0,T],

1—0&0

(pri(t)a < —c <1 Vtelo,T],

fori=1,2,

(0 €(0,1),c0>0: ol —e =) < (pri(t))a <ot Vte[0,TL,YAE (0, Do) |




Step VI: Estimate of u

e Case t € (0, T), for every o € (0, T): standard method v/

e What happen when t ~ 07 By the (MVP) 3T € (0, T), ¢y € (0, 1):

’0 < ot < min{(pa1(t))a; (r2()a} < (ox1(t))a + (prz2(t))e < (a + )t < &, Vie (0, To),

where R € (0,1/2) is given by Property (x).
Property (x) with ¢ = J)\(p,(t)) and t € (Ty, To) implies

cu(cht — CAY/?) /Q Wi (on (1) < /Q W (0r(1) - (Ialea(1)) = (alea(D))a)

+ Cu((c1 + )t +2CAY?) (1 +F(c)t — C)\1/2)) ‘

We test the second eq. by Jx(¢y) — (Ja(er))e and Vo € [0,1) [[@x w0 r12) < Cat™ =




Step VI: Estimate of u

cw(cot — c,\l/z)/ W (o5 (1)) < Cu((c1 + cs)t +2CN1?) (1 + F(cot — CAW))
Q

+ Ca (L4 [IVE (&)l + lpa(8)]) (2% + A/%) Vi€ (Tx, To),a € (0,1).

Equivalently, for t € (Tx, To), T := 2C(c6)71)\1/2,

1/2 « A\1/2
(1) < (c1+ c3)t+2CA i 1/2 t& +
cu [ W on)] < B TEIEREES (1 Fche = ) Co i (L 19O+ lon ()
—_——
2C <2

Therefore, for a.e t € (Tx, To),

1
[0 < € (14 At - o) v (14 5 ) @ IV @)L+ o).
OK: (T, To) €L*(Tx,To)? B (Tx:To)
VEE (1,4+00)3a € (0,1), G >0: |t iy, 7y < C
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Step VI: Estimate of u

Therefore, by the Holder inequality we get

Vpe(1,2), 3C,>0: Hw&{fp(%) <cC

LP(Ta,Toilt) = ©

0 if te [07 T)\],

Setting  xa : [0, T] — [0,1], xa(t) := {1 ifte (T, T]

the above can reduces to

Vpe(L,2), 3G >0: wag{;(%)

<G,
LP(0,To;L2)

Comparison in the second eq. then leads us to

Poincaré

Vpe(1,2), 3G >0: |aler)allweor <G = Ixamalleo o) < G-

_ Step VII: Pass to the limit A — 0.
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{J Conclusion:

' Existence of weak solutions for a system of PDEs related to RNA-Protein

( dynamics.

Design of a new strategy to generalize existence results for Cahn-Hilliard
type systems when the initial datum is a pure phase
(work in progress: cover more general source terms and nonlocal models).
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Existence of global weak solutions.
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The Cohn-Hillard-Oono, equation
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Step V- Estimate of 1
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Step ll: Dual
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Step V- Mean value property
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Step VI Estimate of 1
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